Abstract-At the ultrahigh frequencies common to portable radios, tunnels such as mine entries are often modeled by hollow dielectric waveguides. The roughness condition of the tunnel walls has an influence on radio propagation, and therefore should be taken into account when an accurate power prediction is needed. This paper investigates how wall roughness affects radio propagation in tunnels, and presents a unified ray tracing and modal method for modeling radio propagation in tunnels with rough walls. First, general analytical formulas for modeling the influence of the wall roughness are derived, based on the modal method and the ray tracing method, respectively. Second, the equivalence of the ray tracing and modal methods in the presence of wall roughnesses is mathematically proved, by showing that the ray tracing-based analytical formula can converge to the modal-based formula through the Poisson summation formula. The derivation and findings are verified by simulation results based on ray tracing and modal methods.
I. INTRODUCTION Radio propagation in tunnels has been investigated for decades [1] [2] [3] [4] [5] [6] [7] [8] , partially driven by the need for communication among underground miners. Although many methods have been developed, ray tracing and modal methods are the two major analytical approaches for modeling radio propagation in straight tunnels.
The ray tracing method treats radio waves as ray tubes, and the electrical field at any location within a tunnel is represented by a summation of the rays reaching the location [9] . The modal method, on the other hand, assumes that waves propagate in the form of modes and the electrical field is represented in terms of a summation of modes [1] . Ray and mode are two representations of the same propagation behavior in tunnels, and thus theoretically, they should be equivalent. Ahluwalia and Keller [10] mathematically proved ray-mode equivalence in acoustics by showing that mode and ray representations of the sound field in a stratified ocean can be transformed from one to the other. The ray-mode equivalence in acoustics has also been discussed by Kamel and Felsen [11] , where a cluster of acoustic modes was shown to be equivalent, both in phase and amplitude, to a ray field plus a remainder.
Felsen et al. [12] , [13] extended the ray-mode analysis to the radio world, and proposed a hybrid ray-mode formulation for modeling Green's functions in a 2-D perfectly conducting parallel-plate waveguide. Recently, we mathematically proved the ray-mode equivalence in a 3-D dielectric waveguide (i.e., a general tunnel) in [14] . In addition to the mathematical proof, measurement results at a variety of frequencies are provided in [14] to validate the ray tracing and modal methods. So far the ray-mode equivalence discussion has been limited to tunnels with smooth walls. It is known that underground mine tunnels often have rough walls, which influence the radio signal propagation in the tunnel. In this paper, we will investigate how surface roughness affects radio propagation in tunnels and discuss the ray-mode equivalence in the presence of wall roughness.
Despite the long history of tunnel propagation research, very few investigations have analyzed the influence of roughness on tunnel propagation. Mahmoud and Wait [15] analyzed the effect of roughness on the radio attenuation in a parallel-plate waveguide in the 1970s. Around the same time, Emslie et al. [1] developed probably the earliest model for analyzing the roughness effect in a rectangular tunnel. In [1] , an additional mode attenuation constant that accounts for the energy losses caused by the wall roughness to the dominant mode was derived, under the assumption of equal roughness for the four tunnel walls. Emslie's roughness model has been recently used by Fuschini and Falciasecca [2] for road and subway tunnels. It has also been applied in [16] and [17] for modeling the influence of roughness on radio propagation in caves. Some preliminary theoretical studies of applying Emslie's roughness model to coal mines were reported in [8] .
The roughness analyses above are based on the modal method, where the roughness effect is modeled by an additional attenuation constant applied to the dominant mode. In addition, there are some other methods used for analyzing the roughness effect. For example, Martelly and Janaswamy [18] numerically calculated the roughness effect using the vector parabolic equation method, and showed it is consistent with Emslie's analytical model given in [1] . A vector finite element-based full wave method is used in [19] to analyze radio propagation in a long cave with rough surfaces. Compared with the modal method, numerical (full wave) methods generally demand significantly more computation resources and provide less physical insight.
In this paper, we proposed a unified ray-mode method for modeling radio propagation in tunnels with rough walls. The contribution of this paper include the following. First, we derived general analytical formulas for modeling the influence of the wall roughness based on the modal and ray tracing methods, respectively. For the modal method, we derived a general roughness attenuation constant for both the dominant mode and higher order modes. In addition to the capability of modeling roughness attenuation for higher modes, the model developed in this paper is more general than Emslie's model in the sense that it can model radio propagation in tunnels that have different roughnesses on different surfaces. Such flexibility is particularly useful for mines and caves where the roughness condition for each wall could be significantly different. Second, we mathematically proved the equivalence of the ray-mode solution in the presence of wall roughness.
It should be noted that a ray method has been discussed by Emslie et al. [1] and later by Fuschini and Falciasecca [2] . This ray method is different from the ray tracing method reported in this paper. The main differences between the "rays" presented in [1] and [2] and the "true rays" presented in this paper include:
1) Dependence on Modes: "Rays" are determined by mode angle, while "True rays" are determined by ray tracing, typically through a ray tracing algorithm. 2) Dependence on Separation Distance: The intensity of "rays" remains unchanged when the distance varies, while the intensity of the "true rays" decays with distance. 3) Dependence on Antenna Transversal Location: The "rays" are independent of antenna location, while the "true rays" are affected by antenna location. For example, "true rays" will change if either the location of the transmitter antenna or the receiver antenna changes. In summary, "rays" in [1] and [2] are essentially a uniform plane wave representation of modes and thus have been considered as modes in this paper.
The rest of this paper is organized as follows. A roughnessmodified reflection coefficient is introduced in Section II. Ray tracing and modal methods for modeling radio propagation in tunnels with rough walls are presented in Section III. The equivalence of the ray tracing and modal methods is also discussed in Section III. Some numerical results and analysis are given in Section IV. Finally, the conclusions are given in Section V.
II. PLANE WAVES REFLECTED FROM SMOOTH
AND ROUGH SURFACES When a radio wave is incident on a tunnel wall, part of the wave transmits into the wall and the other part is reflected back to the tunnel. It is found that power loss associated with reflections on tunnel walls constitutes the major propagation loss in a tunnel environment [9] . In this section, we will briefly review the theory of plane wave reflection from smooth and rough surfaces, respectively, with a focus on its simplification under the grazing incidence condition. 
A. Plane Waves Reflected From a Smooth Surface
For a plane wave incident on a smooth surface, it is known that the wave is reflected in the specular direction, given by Snell's law of reflection. The reflected field can be calculated by multiplying the incident field with the corresponding Fresnel reflection coefficient ρ ⊥,// , given by [9] 
Here, the subscripts ⊥ and // denote the perpendicular and parallel polarizations, respectively, and θ ⊥,// is the angle of incidence defined by the angle between the direction of the incident wave and the normal to the surface. ⊥,// is a quantity related to surface impedance, and is given by
whereε //,⊥ = ε //,⊥ /ε 0 are the complex relative permittivity. For grazing incidences where the angle of incidence approaches 90°, we can approximate the Fresnel reflection coefficients ρ ⊥,// as [9] 
B. Plane Waves Reflected From a Rough Surface
Radio reflection from a rough surface is usually handled by a stochastic method, since the surface roughness can only be measured statistically. Although other distributions are possible [20] , the distribution of a reflecting surface variation is often assumed to be a zero mean Gaussian with a standard deviation of σ h . For a rough reflecting surface, it is known that incident energy will be scattered in angles other than the specular angle of reflection. As a result, radio waves reflected from a rough surface generally include two componentsa diffuse component and a specular component. The specular component decreases with increasing surface roughness, whereas the diffuse component becomes more significant. For surfaces that have a slight roughness (σ h λ), the diffuse component can be ignored, and the specular component can be computed by the same method introduced in II-A, with the corresponding Fresnel reflection coefficients modified by the following roughness attenuation factor [21] , [22] :
It is apparent from (5) that the attenuation factor ρ s is independent of the polarization status of the incident waves. In addition, it is found that ρ s decreases with the surface roughness σ h , and increases with the wavelength λ.
It should be noted that the surface becomes perfectly reflecting at extreme grazing incidence (θ ⊥,// → π/2) and (5) satisfies the requirement as ρ s = 1 in this case. One limitation of (5) is that the roughness must be smaller than wavelength as the equation was derived based on a small roughness assumption.
III. MODELING THE INFLUENCE OF WALL ROUGHNESS ON TUNNEL PROPAGATION
We consider a straight hollow dielectric waveguide with rectangular cross-sectional dimensions, as shown in Fig. 1 . The coordinate system is oriented in the center of the waveguide cross section, with x horizontal, y vertical, and z down the waveguide. Let 2a and 2b denote the size of the x and y dimensions, respectively. 0 is the permittivity of air, and a,b is the complex permittivity of the vertical and horizontal walls surrounding the waveguide, respectively. The permeability of all the media is assumed to be the same and equal to that of the free space μ 0 . A transmitter is located at T (x 0 , y 0 , 0) and a receiver at R(x, y, z). Both the transmitter antenna and the receiver antenna are assumed to be omnidirectional.
The electric field within a rectangular dielectric waveguide can either be represented by a ray summation based on the ray tracing method, or by a mode summation based on the modal method. In the following, we discuss the two methods for modeling the influence of wall roughness on tunnel propagation in detail.
A. Ray Tracing Method 1) Vertical (y-Direction) Polarization:
Based on the ray tracing theory, the electric field at an arbitrary point R(x, y, z) within a rectangular waveguide can be obtained by summing the scalar electric fields of the rays from all the images of a point source [
where the superscript "y" denotes a "y" (vertically) polarized source. E t is the transmitted electric field, which is a constant determined by the transmitted power. 
In (6), the reflection coefficient ρ //,⊥ for a tunnel with smooth walls is defined in (1) and approximated by (3) under the grazing incidence assumption. The corresponding incident angles and the surface impedances are given by
whereε a,b = ε a,b /ε 0 are the complex relative permitivities for the horizontal and vertical walls, normalized by the vacuum permitivity ε 0 .ε a,b can be expressed as
whereε r a,b denotes the real part of the relative permitivityε a,b . σ a,b are the conductivity of the horizontal and vertical walls, respectively. f is the frequency. Now, we look at the two reflection coefficients (i.e., ρ ⊥ and ρ // ) in (6) when wall roughnesses are present. Including stochastic rough surface scattering into deterministic ray-optical wave propagation modeling has been discussed in [23] , and will be used to characterize the surface roughness in this paper. As shown in Section II-B, the key to modeling radio reflection from a rough surface is introducing a scattering loss factor ρ s to compensate for the reduced energy in the specular direction for each diffuse reflection. We assume that the distribution of the surface variation is a zero mean Gaussian with a standard deviation of σ h,i , where the subscript i denotes the i th wall of the tunnel, with the floor as i = 1, as shown in Fig. 3 . As a result, the scattering loss factor for the i th wall ρ ⊥,// s,i can be expressed as
Therefore, the electric field inside a tunnel with rough walls can be calculated by
2) Horizontal (x-Direction) Polarization: Similarly, for a horizontally polarized source, the electrical field can be calculated as
where
A comparison between the two electrical field expressions [in (12) and (13)] for the horizontal and vertical polarizations shows that the images and rays are determined by the location of the source and the receiver, and are independent of the polarization of the source. The polarization state influences the received electrical field through the reflection coefficients. When the source polarization switches from one to the other, the corresponding electrical field can be readily computed by switching the associated reflection coefficients.
B. Modal Method 1) Horizontal (x-Direction) Polarization:
The modal method views the electrical field in a tunnel as a set of hybrid modes denoted by EH p,q , where the subscripts p and q represent the order of the mode. For a horizontally polarized source, the main component of the E-field at an arbitrary observation point R(x, y, z) within a rectangular tunnel can be expressed as [24] 
are the wave vector components along the x-, y-, and z-axis, respectively. E t is the transmitted electrical field which is a constant determined by the transmitted power. Here, β p,q is the phase constant, and α p,q is the attenuation constant that characterizes the signal attenuation along the tunnel axial distance (z-axis). The tilde notationX denotes the argument is complex. The two axillary angles ϕ x,y are defined by
For electrically large tunnels where ka 1 and kb 1 are satisfied, (16) can be reduced to
It is apparent that (19) reduces to [1, eq. (1)] for the dominant EH 1,1 mode. As shown in [9] , the hybrid mode EH p,q can be viewed as an average of four plane waves (rays), which are characterized by the following angles: (θ x , θ y ), (θ x , −θ y ), (−θ x , θ y ), and (−θ x , −θ y ). Here, θ x,y denote the angle between the ray and the yz and xz plane, respectively. The value of θ x,y can be calculated as:
The axial distance d z,x (as shown in Fig. 3 ) that the ray travels between two successive reflections on the two side walls can be calculated as
For tunnels with four smooth walls, the attenuation of the E-field caused by all the reflections can be expressed as
where | · | denotes the magnitude of the argument. N x,y are the number of reflections on the two side walls and on the roof/floor, respectively
Now, we evaluate the radio attenuation in tunnels with rough walls. Again, we introduce the scattering factor ρ s,i to compensate for the roughness effect. Under the assumption of rough walls, the attenuation of the electrical field given in (23) becomes (25) where
Substituting (24) and (26) into (25) and after some mathematical manipulations shown in Appendix A, we have
is the attenuation constant for a tunnel with smooth walls, and
is the roughness attenuation constant for the EH p,q mode. Note that the modal attenuation constant α p,q derived in (28) is consistent with the classic attenuation constant given in [24] . Compared with [24] , the derivation of α p,q given in this paper provides more physical insight as it connects the modal attenuation constant directly to the well-known Fresnel refection coefficients. Equation (29) provides a general model for quickly estimating the power loss caused by wall roughness. For tunnels with equal roughness on the two horizontal surfaces and the ., σ h,2 = σ h,4 and σ h,1 = σ h,3 ), after some mathematical manipulation, it can be shown that (29) is consistent with the result presented in [2] .
For the dominant mode EH 1,1 , and with the assumption of equal roughness for all the four walls (σ h,i = σ h ), (29) reduces to 
which is consistent with the roughness loss factor derived in [1] . For tunnels with smooth walls, we have σ h,i = 0. In this case, the roughness attenuation constant for the EH p,q mode given in (29) becomes zero as expected.
It is shown in (29) that the value of α s p,q
increases rapidly (approximately cubically) with the order of the modes. In addition, given the same roughness condition σ h,i , the power loss caused by the roughness drops rapidly (approximately by the fourth power) with the transversal dimensions of the tunnel. In addition, if the cross section of the tunnel is not square (i.e., a = b), the roughness on the walls of the greater dimension has an even greater impact on the power attenuation. For example, in a low coal mine scenario, in which the width of the tunnel is much greater than its height, the roughness loss is mainly determined by the roughness condition of the top and the bottom, while the roughness condition on the two ribs (side walls) has less influence. Note that switching the roughness conditions of the two walls in the same dimension, e.g., σ h,1 and σ h,3 , does not change the overall power attenuation. In other words, for a tunnel with only one rough surface, the propagation behavior is the same no matter whether the rough surface is on the top (ceiling) or the bottom (floor).
A comparison between (5) and (29) shows that the power loss caused by surface roughness increases with wavelength in a tunnel environment (as shown in Fig. 2 ), but decreases with wavelength in an open space environment with a single reflection surface (as shown in Fig. 4) . This difference of the dependence on the wavelength for these two environments appears to be surprising from a ray point of view, considering that the power loss dependence for each individual ray at each reflection is exactly the same for the two environments. The key is that a coherent summation of the electrical field for rays in a tunnel environment dramatically changes the dependence on the wavelength, due to the waveguide effect, which happens to impose a stronger frequency dependence. The difference of dependence on the wavelength probably is more straightforward if we examine it from the mode point of view. For example, for the EH p,q mode, both the incident angle [given in (20) and (21)] and the number of reflections (24) ] increase with the wavelength, which causes a significant increase of power loss (mainly the loss caused by reflections) with wavelength. While the loss caused by roughness decreases with wavelength, the first two factors, the angle of incidence and number of reflections, turn out to be the two more dominant factors. Therefore, the net effect from all the three factors leads to an overall loss that increases with wavelength.
2) Vertical (y-Direction) Polarization: By following a similar procedure given in Section III-B.1, the modal attenuation constant for the vertical polarization case can be derived as:
The roughness modal attenuation constant α s p,q for the vertical polarization case is exactly the same as the horizontal polarization case and is given by (29).
A comparison between (28) and (31) shows that the modal attenuation constant for one polarization can be readily obtained from the other by switching the variables in Table I from one row to the other.
C. Equivalence of the Ray Tracing and Modal Methods
For the ray tracing method, the roughness effect is taken into account by applying a modified Fresnel reflection coefficient to each ray as the ray is reflected by different tunnel walls. For the modal method, the modified Fresnel reflection coefficient is applied to each mode, which is viewed as a mixture of four plane waves. The two methods are two different views of the same problem, and thus should be mathematically equivalent. Equation (32), as shown at the bottom of this page, proves such a ray-mode equivalence with wall roughness taken into consideration, by showing that the ray summation based on the ray tracing method can be converged to the mode summation based on the modal method. In (32), the eigenmode function A p,q and the phase constant β p,q are defined by
The detailed mathematical proof of (32) is given in Appendix B.
It should be noted that the influence of both transmit and receive antennas' positions on tunnel propagation has been modeled in A p,q by a series of sinusoidal functions [25] . It is apparent from A p,q that the electrical field (and thus power) for the dominant EH 1,1 is minimized when either the transmitter or the receiver is close to any of the four tunnel walls, and is maximized when antennas are located in the center (x = 0, y = 0, x 0 = 0, y 0 = 0). This finding has been recently confirmed by measurement results in a train tunnel in [25] .
A close examination of (32) reveals that this roughness model has incorporated all the major controlling factors: tunnel dimensions, frequency, polarization, wall electrical properties, and surface roughness. As a result, (32) provides a unified ray-mode solution to a general tunnel propagation problem.
In Appendix B, we show that the modal roughness attenuation constant α s p,q can be derived based on the ray summation given in (13) . The derivation in Appendix B is based on the vertical polarization assumption, but the ray-mode equivalence for the horizontal polarization case can be proved following a similar procedure given in Appendix B. It is interesting to note that in (12) , the index of the images (i.e., m and n) starts from minus infinity, while the index of modes ( p and q) starts from 1. Both p and q are greater than zero, because only hybrid modes EH p,q are supported in a tunnel environment. In addition, large k and large z are two important assumptions made in the derivation in Appendix A. In other words, raymode equivalence only holds for high frequency signals and in the far zone, where the receiver is separated far from the transmitter.
IV. RESULTS AND DISCUSSION
Ideally, the proposed model should be validated with measurement results in a tunnel with rough surfaces. However, adding controlled surface roughness to a physical tunnel is not very feasible in practical, as we are trying to introduce a stochastic method (based on roughness definition) into a deterministic problem. As a compromise, we will add simulated roughness to a physical tunnel with smooth surfaces and compare numerical results generated based on different modeling methods.
Recently, extensive RF measurements have been performed in a concrete tunnel to support ultrahigh frequency propagation model development research at the National Institute for Occupational Safety and Health [9] . To investigate how surface roughness affects radio propagation in tunnels, we apply the roughness model given in (32) to compute received signal power within the concrete tunnel. Considering that the actual tunnel where the measurements were performed has very smooth walls, we intentionally add surface roughness onto the tunnel walls in our simulations and investigate how simulated received power varies with surface roughness at different frequencies. Fig. 5 shows a comparison between the simulated power distribution along the center line of a tunnel at three frequencies (i.e., 455, 915, and 2450 MHz) for the vertical polarization. It is assumed that the surface roughnesses for all four tunnel walls are the same and equal to σ h . As two examples, σ h = 0 (i.e., smooth surface) and σ h = 10 cm have been simulated and the results are shown in Fig. 5 for comparison. The measured power distributions in the concrete tunnel with smooth walls have also been plotted for reference. The details of the measurement can be found in [3] . The major parameters used in the simulations are summarized in Table II. The parameters in Table II were chosen fully based on physical parameters used in the measurements except the electrical properties (the relative permittivity and conductivity) of tunnel walls, which were selected based on best fit between the simulation results and the measurement results.
It can be found from Fig. 5 that the simulated results based on the modal (dashed green lines) and ray tracing (red dashed-dotted lines) agree with each other well, for both with and without surface roughnesses scenarios. In addition, the simulation results corresponding to σ h = 0 match the measurement results for all tested frequencies as expected. It is apparent that wall roughness introduces additional attenuation to RF signals as well as "smoothness" to the power distribution curve. The "smoothness" effect is due to the fact that higher order modes are attenuated more by the wall roughness than the dominant mode, and therefore, the rapid fading caused by the presence of higher order modes is quickly eliminated. In Fig. 5 , the measured signal power for the 455-MHz signal quickly drops with distance for the first 170 m, but remains about the same for distances greater than 170 m. This is due to the limitation of the power measurement equipment, which has a noise floor at about −120 dBm. In other words, the equipment used in the measurement cannot measure power change when the power drops below −120 dBm. Fig. 6 shows the corresponding power decay profiles for the horizontal polarization scenario. Noticeable discrepancies between the ray tracing and modal simulation results are observed at 455 MHz in Fig. 6 . These discrepancies are due to the fact that the ray tracing and modal methods are only equivalent at high frequencies. The additional attenuation caused by wall roughness and its "smoothness" effect are also apparent in Fig. 6 . Fig. 7 shows the power decay profile for the same tunnel, but with different roughnesses on different walls, at 915 MHz, and under the vertical polarization. Again, the good agreement between the results generated by the ray tracing and modal results confirms that ray tracing and modal methods are equivalent, and can be applied to model radio propagation in complicated tunnels that have different surface roughnesses on different walls.
To investigate the ray-mode equivalence at short distances, the results for the first 60 m in Fig. 7 are zoomed in and shown in Fig. 8 . It is evident from Fig. 8 that the ray and mode curves do not show good agreement when the separation distance is short (e.g., for d < 15 m). The two curves gradually merge together as the distance increases. This observation confirms that ray-mode equivalence only holds when the separation distance is sufficiently far as indicated in Appendix B.
V. CONCLUSION
This paper investigates the influence of wall roughness on radio propagation in tunnels and mines. Analytical solutions based on the ray tracing and modal methods are derived, respectively, and shown to be equivalent when the frequencies of interest are high and the separation distance between the transmitter and the receiver is sufficiently far. It is found that surface roughness in tunnels introduces additional attenuation to RF signals. The additional attention caused by surface roughness decreases with tunnel dimensions rapidly and linearly increases with wavelength. The developed models are useful for understanding and analyzing radio propagation in mines, where surface roughnesses are generally significant.
APPENDIX A DERIVATION OF MODAL ATTENUATION CONSTANT FOR TUNNELS WITH ROUGH WALLS
Substituting (24) and (26) into (25), we have
Applying the small angle approximation sin θ x,y ≈ θ x,y to (35), and then substituting (20) , (21) , and (24) into (35) leads to
and
In (37), Re{·} denotes the real part of the argument. 
Substituting (7), (11) (39), and (40) into (12) leads to
2 |m|
Following the procedures introduced in [14] :
in (44)
To separate the even and odd instances of the image order m and n, we introduce two integers s 1 and s 2 to reformulate t 1 and t 2 , respectively
The values of the aiding variables, such asx l andȳ l , are summarized in Table III .
With the help of the Poisson summation formula, we can convert
Substituting (44) into (49) leads tô
The integral in (50) can be evaluated based on the principle of stationary phase for large k [14] . The following stationary points can be obtained by solving the equations (∂ /∂τ 1 ) = 0 and (∂ /∂τ 2 ) = 0:
As a result, the integral in (50) can be approximated aŝ 
We assume that the separation distance z is sufficiently large, such that the following approximations hold:
Substituting the stationary point expression in (52) 
For electrically large tunnels where k p and k q, we haveǓ
Substituting (52) into (51) and then (54) yields
Substituting (56) and (59) into (53), we havê
Based on (47), the integer s 1,2 can be represented by t 1,2 as
Substituting (61) 
Note that in (63), the subscript "l" has been dropped from the functionf l (( pπ/2a), (qπ2b)), and thus, the functionf l can be factored out. Based on (58) and (60) 
